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Introduction

In this chapter we are going to deal with areas enclosed by curves area between lines
and arcs of circles, parabolas and ellipses (standard forms only) using integral
technique:

Area under Simple Curve:

Consider the figure below, we can think of area under the curve as composed of large
number of very thin vertical strips. Consider

an arbitrary strip of height y and width dx, then dA (area of the elementary strip)=
ydx, where, y = f(x).

This area is called the elementary area which is located at an arbitrary position within
the region which is specified by some value of x between a and b.

N \
Area=[ydx
- i V=
\
x=qa x=b /K
Fig.1la

(i) Total area bounded by the curvey = f(x), between the ordinates x =
aandx = b ( Fig.1la) can be found by using definite integrals and
represented as

b
Area = jydx
a
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Y x =fly)
N
y=b
{AAreaszdy
y=a
\
N
/ X
Fig.1b

ii.If the curve is givenas x = g(y) (Fig.1b), then the area bounded by the given

curve between y = a andy = b (b > a) can be represented as
b

Area = fxdy

a

Y x = f(y)

y=b
{AAreaz

xdy

Q“_-_WC:‘

b
-~

Fig. 1c

iii. If the curve is given as y = f(x) (Fig.1c) and f(x) < 0, then the area
bounded by the given curve between x = a and x = b (b >a) can be
represented as

b
Area = ff(x)dx
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iv. If the curve is given as y = f(x) (Fig.1d) and some portion of curve lies
above the x-axis and some below it such that A1 < 0 and A2 > 0, then the
area bounded by the given curve between x

represented as

Fig.1d

Find the area enclosed by the ellipse

Area= |Al|+A2
Example:
Solution: Here we have,
2 2
Yy 1.~
or, F =1 p
2 a?— x2
or, Y = >
b a
2 _ b2 . o2 2
or, o= (a x“)

or, y

or, y = igw/(a2 — x2)
We know that,
Ellipse is symmetrical about x-axis and y-axis.
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P
(0,b)]B
x'(A, 7o) \, x
(-a,0) -/2,0)
(o,-b)|B’
-

V-
Fig.2a
Area of ellipse = 4 x foay dx
= 4fa2 (a? — x?)dx
= f (a? —x?) dx

b z . x]
=4[ (a2 — x2) + Zsin 15]
2 algp

a
2 2
= 7 (E\/az — a? + %sin_lg) — (g\/az - 0+ %sin_l(O))]
2
= %[O+ a?sin_l(l)—O—O]
=y Cgip-t
= — X —sin (D)
=2ab x sin™1(1)

=2abx m/2
=rab

The area of the region bounded by a curve and a line:

We will find the area of the region bounded by a line and a circle, a line and a
parabola, a line and an ellipse.

Example: Find the area of the region bounded by the parabola y? = 2px, x* = 2py.

Solution:
Given that, parabolas are y* = 2px ()
and x*=2py .. (i)

Now, from equation (ii) we have

y=x2/2p

Putting the value of y in equation (i), we have
(x2 /2p)2 = 2px
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x4 /4p2 = 2px

x4 = 8p3x

x4-8p3x=0

X(x3-8p3)=0
So,x=00rx3—-8p3=0=>x=2p
Now, the required area is

x2 =2py X

= Area of the rq_biun (OCBA - QDBA)

2 m =4 2p

J- mm_'[i“h‘ xIEE?IJIIfI——jw “dv

Il
"E]
|
i

=22 [ 1ap) 0] - (T; [2p)* - 0]

EJ_ . 1
- TN .n"}' 1- - *-.:'
Jp 242 i

H ) B 2 5 = 4 »* sq. units
- e — — S(]. U g
3 1} ! I 3-I q

Thus, the required area is 4/3 p2 sg. units.

Example: Find the area of the region bounded by the curve y = x> and y = x + 6 and x
=0.

Solution:

Given that curvesarey=x3,y=x+6andx=0

On solvingy =x3and y = x + 6, we get,

X3=x+6
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x>-x-6=0

x> (x-2)+2x(x-2)+3(x-2)=0

(x-2)(x2+2x+3) =

It’s seen that x> + 2x + 3 = 0 has no real roots

So, x = 2 is the only root for the above equation.

So, the required area of the shaded region is given by

A
V=X+6

= j{-“ +6) dy - _[ i
__-Fﬁl} ;Iljli

=|I‘ =+12 ] (0+0)——~ |[2; —0)

=l4--ix]ﬁ =14 - 4 =10 sq. unils.

Area between Two Curves:

v b
A Area = ][f(x)fg(x)] dx
y=fix) a
x’< )-x
v
V'
Fig.2a
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i. If two curves are given as y = f(x) andy = g(x),where f(x) = g(x) in
[a,b] (Fig8.5), then

b
area = [[7(0) - g(oyldx

X' '( X=a X=C x=b¥

Fig. 2b

i.If f(x) = g(x) in[a,c] and g(x) = f(x) in [c,D] (Fig 8.6), then total area
A can be given as
Total Area = Area of the region ACBDA + Area of the region BPRQB

c b

A= [1re - gonax+ [lo@ - raax

a c

Example: Find the area of the region bounded by the curves y? = 9x, y = 3x.
Solution:

Given curves are y?> = 9x and y = 3x

Now, solving the two equations we have

(3x)? = 9x

9x? = 9x

9x*—9x=0=9x(x-1)=0

Thus,x=0, 1

So, the area of the shaded region is given by

= ar(region OAB) — ar (A OAB)
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Y}
ar [rcgion DAB) - ar {ﬁDAB]

—_[l,i, dx = J\fg_dx—_[hdl

5T
3_|-x{_d1—3_|l1d1—3x—11 ]U_:;[ }

0 3
20y —“]—Elﬂ) ~0j=21) -2 (=2~ =

sq. units

P3| -

Thus, the required area is % sq.units.
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Questions and Answers:
1 Mark each:

1. Find the area bounded by the curve y = sin x between 0 and n.
Solution:

Here we have, curve y = sin x

> X

0 n/2 It

Area bounded by curve OAB

= fgny dx
= [ sinxds

= [—cos x]j

=—[cos rt— cos 0]
=-(-1-1)

= 2 square units

2. Find the area of the region bounded by the two parabolas y = x? and y? = x.
Solution:
We have, two parabolas y = x*> and y? = x.

The point of intersection of these two parabolas is O (0, 0) and A (1, 1) as shown in
the figure below
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Xe ) >X
}?2 =X
v

And,

y? =X

y = Vx = f(x)

y = x%2=g(x), where, f (x) 2 g (x) in [0, 1].

Area of the shaded region
1
= [, [f () — g()]ax
= fol[\{f— x?|dx

3,3 1
o
= (%) — (%)
=%

Therefore, the required area is % square units.

3. Find the area enclosed by the ellipse x?/a% + y?/b? =1.
Solution:

Here, we have,

x2 y2

2ty =1
y2 . 1 x2
2o LT 2

www.toppersnotes.com
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2. B%on o
y© =~ —x°)

b
y =+-y(a® - x?)
And, We know that, Ellipse is symmetrical about both x-axis and y-axis.

So, Area of ellipse = 4 x Area of AOB
a
=4 x fo y dx

Substituting the positive value of y in the above expression since OAB lies in the first
guadrant.

=2[(2vaZ=a? + Zsin12) - (2VaZ =0 - Lsin~1(0) )|

2

= 2ab x sin-1(1)
=2ab x /2
=nab
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4. Find the area bounded by the y-axis, y = cos x and y= sin x when
Solution:

Graph of both the functions will intersect at the point

|" :|I.‘
|

h

4,_1| —
.

2

B ‘xz-

So, the required Shaded Area=

| cosxdx - |sinxdx+ | cosxdyx

: ' %

[l ] I ORISR S

sin——sin 0° = -cos—+cos0® +sin——sin—

. 2 ) 2 4
1 1

I+—=-1-1+

BN}
V2-)

‘'square units.

5. Find the area bounded by the curve y = x| x|, x- axis and the ordinates x = -1 and
x=1
Equation of the curve is

A’ 5
xX2=y ="
}(r‘ O'-n._“* M >X
x=-1 ‘w\‘
B (-2 -8)
YYI"
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yexpd=x(x)=2 ¢ x20
ang, ¥ ==x(=) == ¢ <
Required area = Area ONBO + Area OAMO

i-x‘: dx =+ |..‘c': dx

-

= 2/3 sq. units

6. Find the area of the circle * t7 =16

Solution:

exterior to the parabola

We know, Equation of the circleis * T =16

Thus, radius of circle is 4
This circle is symmetrical about x-axis and y- axis.

. : J (2.2453)
Here two points of intersection are B ' /
(2.-2-3).
and B’ | “r«"
Y
A
(2 2v3
B
X o h2.0cC X
B
(2.215)
YYF

Required area = Area of circle — Area of circle interior to the parabola

www.toppersnotes.com
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=nr? - Area OBAB’O
=16m - 2 x Area OBACO
= 167 - 2[Area OBCO + Area BACB]

167-2] !JE dy + fﬁh&—f d i
L 2 1

2 o 1
167-2 ?E[zﬁ.|+ssin‘11—‘f1_2—ssin'l;}

1672 +s_§—z,ﬁ—s_ﬂ

gﬁx—¢?1

‘square units.

7. Find the area of the region bounded by y =vVx and y = x.
Solution:

Given that, equations of curve y =Vx and liney = x

Solving the equations y = Vx = y2 = xand y = x, we get

X2 =X

x2—-x=0

X(x-1)=0

So,

x=0,1

Now, the required area of the shaded region
Y

A
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